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Abstract 

Starting from the Verma module of UqSl{2) we consider the evaluation 
module for affine UqSl{2) and discuss its crystal limit {q — ^ 0). There 
exists an associated integrable statistical mechanics model on a square 
lattice defined in terms of vertex configurations. Its transfer matrix is the 
generating function for noncommutative complete symmetric polynomials 
in the generators of the affine plactic algebra, an extension of the finite 
plactic algebra first discussed by Lascoux and Schiitzenberger. The cor- 
responding noncommutative elementary symmetric polynomials were re- 
cently shown to be generated by the transfer matrix of the so-called phase 
model discussed by Bogoliubov, Izergin and Kitanine. Here we establish 
that both generating functions satisfy Baxter's TQ-equation in the crystal 
limit by tying them to special UqSl{2) solutions of the Yang-Baxter equa- 
tion. The TQ-equation amounts to the well-known Jacobi-Trudi formula 
leading naturally to the definition of noncommutative Schur polynomials. 
The latter can be employed to define a ring which has applications in 
conformal field theory and enumerative geometry: it is isomorphic to the 
fusion ring of the sl{n)k -WZNW model whose structure constants are the 
dimensions of spaces of generalized 6-functions over the Riemann sphere 
with three punctures. 

PACS numbers: 02.30.Ik, 05.50.+q, 11.25.Hf, 02.10.Hh, 02. 10. Ox 



1 Introduction 

Integrable systems have many connections with different areas in pure mathe- 
matics. In this article we shall focus on combinatorial aspects of a particular 
quantum integrable system, the exactly solvable, statistical vertex model asso- 
ciated with the quantum afhne algebra UqSl{2) and "infinite" spin. For spin 1/2 
this model specialises to the the well-known six- vertex model or XXZ quantum 
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spin-chain. By taking the crystal limit [TS] {q — >■ 0) one arrives at a drasti- 
cally simplified version of this model exhibiting nice combinatorial features: the 
Takahashi-Satsuma cellular automaton (or box and ball system); see also 
e.g. [5], [TO] and references therein for the case of higher (finite) spin and rank. 

In the case of infinite spin, i.e. each site of the chain now carries an infinite- 
dimensional representation of C/qSl(2) instead of a finite-dimensional one, there 
exists a link with enumerative geometry: the commuting transfer matrices gen- 
erate a ring of symmetric polynomials in a noncommutative alphabet, the gen- 
erators of the ajfine plactic algebra, whose finite version has been introduced 
by Lascoux and Schiitzenberger [17] (see also [7] for a discussion of the finite 
plactic algebra in the context of noncommutative Schur polynomials). It was 
shown in ^16. Part I] that the noncommutative Schur polynomials related to 
the affine plactic algebra can be employed to define a ring which is isomorphic 
to the fusion ring of the 5\.{n)k Wess-Zumino-Novikov-Witten (WZNW) model, 
a conformal field theory (CFT) with particularly nice algebraic and geometric 
aspects. Here A: > is a non-negative integer called the "level" . The fusion ring 
is one of the essential data of a CFT [5] and in the case of the WZNW model 
its structure constants coincide with the dimensions of spaces of generalized 
0-functions over the Riemann sphere with three punctures; see e.g. [5]. 

In this article we shall discuss how the combinatorial description of the 
fusion ring presented in [16, Part I] is obtained from the crystal limit of the 
Uq5\.{2) model with infinite spin. In Section 2 we demonstrate on a simple 
example how under the action of the affine plactic algebra the state space of 
the model decomposes into nice lattices, called "crystals" which depend on 
the level k and can be described in terms of coloured directed graphs (usually 
called crystal graphs) related to the quantum affine algebra UqS\{n) with n > 
2 being the number of lattice sites. Section 3 contains the definition of the 
Uq5l{2) vertex model with infinite spin in the crystal limit. In particular we 
show in Section 4 that the generating function of the noncommutative complete 
symmetric polynomials coincides with its transfer matrix; see Proposition |4T] in 
the text. This new result complements the discussion in [16l Part I, Section 4,5] 
where the transfer matrix of the phase model, first introduced by Bogoliubov, 
Izergin and Kitanine [3], has been identified with the generating function of 
the noncommutative elementary symmetric polynomials [16, Prop 5.13]. As in 
the ring of symmetric functions over commutative variables, also in the present 
case both sets of polynomials in noncommutative variables are linked via a 
determinant formula (a special case of the Jacobi-Trudi identity) for which we 
shall state an alternative proof to the one given in [111 Def 5.10 and Cor 6.9]. 
Namely, employing the relation to the Uq5l{2) algebra we show that the transfer 
matrix of the Uq5l{2) model with infinite spin and the transfer matrix of the 
phase model obey Baxter's famous TQ-equation [1 in the crystal limit. In the 
concluding section we summarise the connection with the WZNW fusion ring, 
giving a brief account of some of the main results from jl6[ Part I] , and state a 
novel recursion formula for fusion coefficients. 
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2 The crystal limit of the [/g5l(2)-Verma module 

We set out by introducing the central algebraic structure: we recall the definition 
of the quantum aflane algebra UqSl{2) and then consider a particular infinite- 
dimensional representation of it. 

Definition 2.1 The q-deformed universal enveloping algebra Uq5l{2) is the uni- 
tal associative algebra over ^{q) generated from the letters {Ei^ Fi, Kf^^^i^Q i 
subject to the algebraic relations 

K,E,Kr^ = g^-£;„ K^F^R-' - g-^-F,- , (2.1) 
[E,,Fj] = , K^K, = KjK,, 

and for i ^ j 

X^-^^^-PX^Xf = 0, X,^E,,F,, (2.2) 

where ^—{^22) Cartan matrix o/s[(2) and we have set [x\q = {q^ — 

q-'=)/{q - q-'^), ["]_^ ; N9! := DLi denote by 

Uq5l(2) C Uq5l(2) the suhalgebra generated from {Ei, Fi, K^^} . 

We introduce the following coproduct A : UqSl{2) UqSl{2) <Si UqSl{2), 
A{E,) = E,(g)l + K^(g)E,, A{F,) ^ F,(g)K^^ + l(g)F,, A{K,) ^ K,(g, K, . (2.3) 

It is well-known that UqSl{2) can be turned into a Hopf algebra by defining in 
addition a counit and antipode; see e.g. [5J|TT]. However, as we shall not use 
the latter maps here, we omit their definition. We now consider a particular 
module of UqSl{2) which we shall use throughout this article, first to define 
various other related algebras in the crystal limit and then to define certain 
statistical mechanics models. 

First we recall the definition of a Verma module for the finite subalgebra 
UqSl{2). Let C UqSl{2) be the left ideal generated by Ei and Ki — fJ-q'^l- 
Consider the module Af^ — Uq5\{2) /I^ which is free over the subalgebra gener- 
ated by Fi (by a quantum version of the Poincarc-Birkhoff-Witt theorem). Set 
vq = 1 +Tfi and Vm '■— F™vo for all m G N, then {wm}mez>o is a basis and the 
following relations hold 

E^vo = 0, Eiv, 

Consider M^{u) = C{q)[u, u^^](^c(q)Mf^ then we can regard Mi^{u) as a Uq5i{2)- 
modulc by defining the following action of the affine generators 

Ea^u-^®Fi, Fq^u® El, K^^ 1 ® Kf^ (2.5) 



1 - A, 



Fiv„ 



V. 



m-t-l 7 



(2.4) 



9-9 



[m]qVyn-l ■ 
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while keeping the action of the non-affine generators unchanged, Xi — >■ 1 (g) Xi 
with Xi = Ei,Fi,Kf^. For v € the corresponding evaluation module is the 
one obtained by taking the quotient in C{q)[u, u~^] with respect to the maximal 
ideal generated by u — v. 

Remark 2.2 For generic values of ^ this module is known to be irreducible. If 
we choose fj, = q'^ for some positive integer d, we have Efvd = and we can 
identify the submodule spanned by the first d vectors wq, wi, . . . , Wd-i with the 
standard UqS\{2) module of dimension d upon imposing the condition F'"^ = 
for m > d. In particular we recover the fundamental representation for d — 2. 



2.1 Crystal limit and phase maps 



We have defined the quantum algebra Uq5l{2) over the ring of rational functions 
in the indeterminate q. Naively speaking we now wish to take the limit g — > 0, 
which is referred to as the "crystal limit" as it was originally considered in 
the context of statistical mechanics models, where it corresponds to the low 
temperature limit when the system "crystallizes" into a single configuration. 
In more technical terms we restrict the algebra into what follows to the ring of 
regular functions in q and then take the quotient with respect to ideal generated 
by q. We shall refer to this procedure as the crystal limit in accordance with 
the literature; see for example [HI Section 4.2, page 67] and references therein. 
Our main interest are the combinatorial features which emerge in this limit. 

Proposition 2.3 Denote by A d C{q) the ring of functions which are regular 



at q = and let C = ® 



mgZ>o 



Avm ■ The 



(i) C generates as a vector space over C{q), A/^ — <C{q) ®a >C. 

(li) Define Ei = -q-^K^'^Ei then EiC C C and FiC C C. 

Proof. The first assertion is obvious. The statements under (ii) are easily 
verified from (|2.4p . For instance, we find that 



ElVn 



- fi-^q^"' 



^2m 



q^ - 1 



Vm-1 



(2.6) 



where the coefficient is obviously regular at g = 0. Similarly, we compute the 
relation 



1 - ^-2„4m+2 



(2.7) 



which we will use below. ■ 

In what follows we consider the crystal limit of , that is we will consider 
M. = C/qC as C- vector space in the natural way. From (|2.4[) and (|2.6|) we infer 
that the quantum algebra elements i^i, Ei and Fi then induce the following 
maps N,(p,(p* : A4 ^ Ai defined via 



Nv„ 



if Vr, 



_i and (pv„ 



0, 

Vm-l, 



m = 
m > 



(2.8) 
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In particular, we have the following crystal limit of the UqS{{2) relations (see 
equations p.7p ). 

^^* = 1 and = | ^'^^ ™ " |j . (2.9) 

Fix an integer n > 2 and consider the tensor product H — A^*^". We extend 
the maps (|2.8p to H = A^®" by defining for i 1, . . . , n 

1^, :=l(8)---(g)(/9(8)---(Kil (2.10) 

i 

and similarly, ip* := Kg) ■ ■ ■ (g> ip* (g> ■ ■ ■ (g) 1, Ni := Kg ■ ■ ■ (g> N (g> ■ ■ ■ (g> 1. We 

i i 

obtain the phase algebra discussed by Bogoliubov, Izergin and Kitanine in [3]; 
see also references [5] , [6] and [8] therein. The proof of the following result can 
be found in [111 Prop 3.1]. 

Proposition 2.4 The ^i,ip* and Ni generate a subalgebra $ o/End(?^) which 
can be realized as the algebra $ with the following generators and relations for 
I < i,j < n: 

^.^^j=^jp,^, ip*p*^^*p*, N,Nj^N,N, (2.11) 
N,ip^~^jN,^-S,jip„ N,p*~ip*N,^6,,ip*, (2.12) 

fifi = 1> = VjVi if i 7^ J, (2-13) 

iV,(l - ^*^,) = = (1 - p*Vi)Nr. (2.14) 

// we introduce the scalar product on the vector space % by 

{aVrai (g ■ - -(g Vm„ , fiv„^f^ (g ■ ■ ■ (g Vm'J = a/S 5mi,m' , 

1=0 

for a, /3 € C, then {(p*v, v') — (u, (Piv') for any v,v' £ H. 

2.2 Crystallisation of the state space 

We now decompose the tensor product "H = A^**" into an infinite direct sum, 

f:m^ = k], (2.15) 



feez>o 



where we set Hq = C{vq (g ■ ■ ■ <g) vq} = C and the summation index k is the 
"level" of the WZNW model. For notational convenience we will often identify 
a basis vector Vmi i?) • ■ ■ Vm„ in H with the composition m = (mi, . . . , m„) or, 
equivalently, the partition A = (Ai,...,A„) whose associated Young diagram 
contains rui columns of height i. We denote the corresponding set of such 
partitions by P"*" and the subset corresponding to Hk by . Obviously each 
A G has at most n parts and Ai = k. We now wish to explain how the 
subspaces Hk can be identified with crystal graphs of the affine quantum algebra 
UgSl{n). 
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Definition 2.5 Let A = {aq, ai, 02, . . . a„_i}. The local afEne plactic alge- 
bra PI = Pl(.4) is the free algebra generated by the elements of A modulo the 
relations 

OiGj — ajOi = 0, if \i — il 7^ 1 mod n, (2-16) 
tti+iaf = a,ai+iai, af^iai ^ ai+iaiOi+i, (2-17) 

where in (|2.17p all variables are understood as elements in A by taking indices 
modulo n. Let Plfin = Plfin(-4') denote the local finite plactic algebra generated 
from A' = {ai, 02, . . . a„_i}; compare with J^. 

We recall the following result from [16, Prop 5.8]: 

Proposition 2.6 There is a homomorphism of algebras Plfi„ — > $ such that 

O'j^Vj+ifj, j = 1, •■•,»^- 1, (2.18) 

hence, the representation of the phase algebra $ given by 112. 8\) and i2.1(A) lifts 
to a representation of the local plactic algebra Plfin- Mapping Qq = a„ to zip\ip^ 
it lifts in addition to a representation of PI on Hlz] = C(z) ®c "H with z an 
indeterminate. Both representations are faithful. 

As mentioned in [T^l Remark 5.9] the subspace Hk C — M'^^ together 
with the action (|2.18p of the local affine plactic algebra can be identified with 
the crystal graph of the A;*^-symmetric tensor representation of the vector rep- 
resentation of UqSl{n) [12]. In the literature this crystal graph is also known 
as the affinization of the Kirillov-Reshetikhin crystal graph 58i_fc of type A; see 
e.g. [ini Section 3]. We discuss an explicit example below. 

Definition 2.7 The quantum universal enveloping algebra UqSl(n), n > 2 is 
the associative unital <C{q)-algebra generated by {Ei, Fi., Ki^^}^~Q subject to the 
analogous identities as in i2.1\) . i2.2^) but with respect to the sl{n) Cartan matrix, 

, 1 -1 ■■■ -1 ^ 

-12'. 

A= ■-. ■•. ; • 

: 
\ 2 -1 / 

\ -1 ■■■ 0-12/ 

We recall that the vector representation V — C{ui, ...,u„} associated with 
the fundamental weight wi is given by 

E.iVr ^ &i,r~\Vr-\-, F^Vr = Sr,iVr+l, K^Vr ^ '■''"^'•''-^ Vr . (2.19) 

As in the case of n = 2 this C/gS[(n)-module can be turned into an evaluation 
module V{z) for any z E by setting 

EoVr — Z^^Sr,lVn, FoVr = Z 6r,nVl, KoVr = q^''-^^^'''^ Vj- . (2.20) 
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Figure 2.1: The crystal graph for n — 4, k — 2 and z — 1. The vertices are 
the elements in . Two vertices X,jj, are connected via an edge of colour i, if 

fl = QiX. 

Consider the tensor product F®'' = V{zq~''+'^)(S)V{zq^''+^)^- ■ ■(^V{zq''^'^) 
and let Vn.k denote the subspace invariant under the natural action of the Hecke 
algebra on V'^'^; see e.g. [6l Chapter 10.2] and references therein. There is a 
distinguished basis Bn,k = {'^xlxePt ^ ^"■'^ such that the pair {Cn.k,Sn.k) with 
^n,k = ® Agp+ forms a crystal basis of Vn^k and the plactic generators a*, 
coincide with Kashiwara's crystal operators Ei,Fi, respectively. (We refer the 
reader to [11] for an explanation of these terms.) For instance, let A S be a 

strict partition, all parts are mutually distinct, and denote by A its transpose. 
Then the corresponding basis vector in V'^'^ is given by 

In particular, Bn,k — Pk are identical as sets and under the action of the local 
affine plactic algebra can be viewed as a coloured, oriented graph (called 
the crystal graph of Vn,k)- The vertices of this graph are the elements in Pj^ 

and the edges of colour i, A ji, are given by the relation p. = aiX, where 
adds a box in the (i + 1)**^ row (if allowed) for i = 1, . . . , n — 1. The letter a„ 
removes a column of height n and adds a box in the first row if possible. 
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Example 2.8 Let n = A, k = 2 and for simplicity set z = I. Then 



The corresponding basis vectors in y®*^ for the first 5 elements are 



vi<Si vi, 



[2], 



S V2 ® V2, 



[2], 



[2], 



et cetera. The crystal graph resulting from the action of the local affine plactic 
algebra on is depicted in Figure [2A\ for z = 1. 

Note the difference in role played by the local affine plactic algebra and 
the phase algebra. While the plactic algebra Pl(-4) preserves the level k and 
describes the crystal structure of Hk with respect to the quantum affine algebra 
UqSl{n), the phase algebra $ increases and decreases the level k, where the maps 
(Pi,(pl : Hk — > Hfcipi correspond to the crystal limit of the UqSl{2) generators. 
They generate a "tower" of crystals, the simplest example, n = 3, is depicted in 
Figure [ 



3 R-matrices in the crystal limit 

We are now going to define an integrable vertex model onH = Al®" along the 
same lines as the models discussed in [T]. In the appendix it is shown that it 
arises from taking the crystal limit of the UqSl{2) intertwiner, generically called 
i?,-matrix, for the tensor product Mf^{u)(E)M^{v) of the module discussed above. 

3.1 Definition of the vertex model 

Consider a n x n' square lattice with periodic boundary conditions in the hor- 
izontal direction. On the edges of the square lattice live statistical variables 
m g Z>o, which we identify with the basis vectors {i'm}mez>o in -M- Then 
a row configuration in the lattice, i.e. an assignment of statistical variables 
m = (mi, . . . , nin) along one row of vertical edges, fixes a vector Vmi (8) ■ • ■ (8i 
Vm„ & = A^®". Similarly, a fixed lattice configuration of the entire lattice 
can be seen as a vector in "H"*" . Not each lattice configuration is allowed, 
we single out particular ones by assigning to each local configuration around a 
single vertex a "Boltzmann weight" (a pseudo-probability) 

^a.b, N (u", d = a + b-c, b>c , . 

0, else ' (^-^^ 



where a, b,c,d £ Z>o are the statistical variables; see Figure [3T 
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k = 




k = 2 



Figure 2.2: The tower of crystal graphs generated by the phase algebra for 
n — Z and fc = 0,1,2. The crystals for fc > 1 all consist of triangles which are 
subdivided into smaller triangles similar as depicted for k — 2. The dotted lines 
correspond to the action of the phase algebra generators cp* and the solid lines 
to the action of the plactic algebra Pl(.4). 



a+E 







u 







b 



Figure 3.1: Graphical depiction of a vertex configuration with Boltzmann weight 
p.ip . The statistical variables are constrained by a, 6, £ = d — a, c = & — e G Z>o. 
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m,+E„-E, m^+Efe^ m^+e^e^ «_i+V2e„-/ 



















\u 









nij «3 rn„.i m„ 

Figure 3.2: The allowed row configurations of the vertex model p.ip with 
eijiTiijUii — Ei G Z>o. Due to the periodic boundary conditions e„ = £o- 



The variable u is called the spectral parameter and we define M.{u) = 
C[M,tt~^] (g)c M.- The Boltzmann weights define an operator TZ{u/v) : A4{u) 
M{v) — >■ A^(u) (g) M{v) via the relation 

TZ(u) Va<E)Vb^ ^ "^c.'rfC") ""c <^ Vd, (3.2) 
c,d>0 

which we can express in terms of the phase algebra generators (|2.8p : let 'P{va <S) 
Vb) — Vb® Va be the flip operator then 



7^(^t) = V 



(3.3) 



Despite the infinite sum this operator is well-defined, since when acting on an 
arbitrary vector Vb ^ M{u) (g) M.{v) only a finite number of terms in the 
sum are nonzero. 

Following the standard procedure [I] we now employ the 7?,-matrix to define 
the discrete evolution operator, the row-to-row transfer matrix, of our statistical 
mechanics model. Its matrix elements are obtained by fixing two sets m, m' G 
7^ = A^®" of statistical variables along the incoming and outgoing vertical edges 
of a lattice row and summing over those variables which sit at the horizontal 
edges; see Figure 13.21 for an allowed row configuration. As an operator the 
transfer matrix is given by 

Q(u) = Tr[z^®l7^o„(^i)•••7^ol(u)] eEnd'H[u,z], (3.4) 

where z] :— C(u, z) (gc ^ and z is an indeterminate (as we will see below 
the same as the one in Proposition 12. 6p . The lower indices i = 1, . . . , n refer to 
the n vertical edges in one row (the n factors of in "H) and the index belongs 
to the horizontal edges over which the sum is taken (the copy of Ai over which 
the trace is computed). The trace together with the additional operator z^^^ 
enforces quasi-periodic boundary conditions in the horizontal lattice direction. 

While the trace is taken over an infinite-dimensional vector space, Ai, for 
any pair of configurations m, m' E H ~ only a finite number of the terms 

making up the matrix element {in,Q{u)m') is non-zero. The operator Q is 
therefore well-defined. We will show this in the proof of Proposition 14.11 below 
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by explicitly computing the matrix elements and showing that Q{u) should be 
understood as formal power series in u with operator valued coefficients. First 
we wish to show integrability of our vertex model, i.e. that the operator Q 
commutes with itself for any pair of spectral parameters. 

Proposition 3.1 LetTZ be the operator IIS.3]) and define S{u/v) E End[A^(it)(g) 
A4{v)] by setting 

S{u) = {l-u)TZ{u)+r{u^+^(E)l) . (3.5) 

Then we have the identity 

Si2{u)'Riz{uv)'R2z{v) = TZ23iv)Tli3{uv)Si2{u), (3.6) 

where the lower indices indicate in which factor of the tensor product A4{u) <S) 
M(uv)(g)M{v) the respective operators act non-trivially. Moreover, S is invert- 
ible, S-^{u) = VS{u-^)V. 

Proof. Because of the explicit appearance of the flip operator P in 72., 5 it is 
convenient to work with TZ = VTZ and S = VS. Then the Yang-Baxter equation 
is rewritten as follows 

[1 ® S{u)] [niuv) (g) 1] [1 ® TZiv)] = []Z{v) ® 1] [1 (g) TZiuv)] [S{u) ® 1] . 

We now compute the corresponding identity in terms of matrix elements by 
evaluating the identity on the vector |a, b, c) = Va®Vb® Vc and then multiplying 
from the left with the dual vector {d,e,f\ — v2®v*(^Vj. Both sides of the 
identity vanish (and it therefore holds trivially true) unless c— f, d — a > and 
a + b + c = d + e + f according to p.ip . Provided these conditions are satisfied, 
the computation of the left hand side yields, 

(d, e, /I [1 (g) S{u)] [n{uv) (g 1] [1 (g) TZ{v)] \a, b, c) ^ 

{uvY+\l - m) u'-'^+'' + (u^;)'^+^ul+^~^ 

max(0,d— a— 6) 

while from the right hand side we obtain 

(d, e, /I [n{v) (g) 1] [1 (g) iiiuv)] [S{u) (g 1] |a, 6, c) = 

min(6,(i— a) 

{uvY+\l-u) u-' + {uvY+\. 

Distinguishing the two cases b > d — a and b < d — a we now verify that the 
identity is true. 

The formula for the inverse is verified in a similar manner, by acting with S 
on the subspace spanned by the vectors Va g) Vb with a + b fixed. This subspace 
is finite-dimensional and the above formula can be explicitly computed. ■ 
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Corollary 3.2 (Integrability) The transfer matrix Q of our vertex model 
commutes for any pair {u,v) of spectral parameters, [Q{u),Q{v)] — 0, and, 
hence, the model is integrable. 

Proof. After writing out the product Q{u)Q{v) as a trace over 7?.-niatrices 
according to the definition p.4p and inserting the identity 1 = S{u)S~'^{u) 
under the trace the assertion follows from the Yang-Baxter equation (I3.6p . ■ 



3.2 Relation with the phase model 

To conclude this section we explain how the vertex model (|3.1I) is related to the 
phase model of Bogoliubov, Izergin and Kitanine [3] . The phase model was used 
in [l6j Part I] to give a combinatorial description of the s\{n)k WZNW fusion 
ring. As we will show in the next sections we arrive at the same description 
of the fusion ring via the transfer matrix p.4p which we obtained from the 
J7gS[(2)-vertex model in the crystal limit. We are therefore lead to investigate 
the relation between our vertex model and the phase model. We recall that the 
L-operator of the phase model is given by (cf. [3], [El Sections 3.2 and 4]) 

L{u) = CT + (T" (g) 1 + (7+ (g) ((f + U fj" (g) + U (T"(T+ g) 1 , (3.7) 

where (t+ = (g g) and — (j* g) are the Pauli matrices acting in C(u)^. The 
transfer matrix for the phase model then reads in analogy with p.4p . 



T{u) = 7^'^'^ Lq^{u) ■ ■ ■ Lqi{u) e End-H[M,z], (3.8) 

where = and the so-called auxiliary space indexed by "0", over which 

the trace is taken, is now C^(m). The following proposition is obtained from a 
straightforward computation. 

Proposition 3.3 Define the following element in End(C(u)^ ® M), 

L'(u) = L(u) + u cr+cr- g) (1 - (^», (3.9) 

then we have in End[C(u)^ (E) A4{v) (E) A4] the identity 

L[^{u/v)Liz{u)n2z{v) = n2^{v)Liz{u)L'^^{u/v) . (3.10) 

Remark 3.4 Note that the operator L' does not possess an inverse. Similarly, 
like the other operators li3.S\) and i3.5\} it is another special crystal limit of the 
UqSl{2)-intertwiner associated with M^(m) g) Mi,{v); see the appendix. 

Within the context of the quantum inverse scattering method 4 one intro- 
duces the Yang-Baxter algebra which for the phase model is generated by the 
following matrix elements 

( l}{u) ) ® ^' ^"'®'^o»(") ■ ■ • LoiiuW ® l).',.=o,i . (3.11) 
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The matrix elements A, B,C,D S End?^[M, z] have a particularly simple combi- 
natorial action; cf. [161 Cor 3.9]. Note that T{u) = A{u) + zD{u). In analogy we 
now define for our vertex model p.4p the infinite-dimensional operator-valued 
matrix 

Qe'.A'^) ■■= {vp (g> 1, z^^'^TZoniu) ■ ■■noi{u)v, (g> 1) E End-H[M, z] (3.12) 

with e,e' € Z>o and Q{u) = J2e>o Qe,e{u). We compute these matrix elements 
explicitly in the next section and show that also they have a nice combinato- 
rial interpretation. First we have the following consequence from the previous 
proposition. 

Corollary 3.5 The generators of the Yang-Baxter algebra for the phase model 
US. 8\) and the vertex model ^3.4^ obey the following commutation relations: 

A{u)Q,,^,{v) - Q,>^,iv)A{u) = Qe',e-i(w)S(M) - u/v C{u)Q,,^i^,{v) (3.13) 

XL 

+ - [5e,oQe'A'")A{'U') - <5e',0^(w)Qo,£(«)] 

Qe',e{v)B{u) - v/u B{u)Q,,^,{v) = Diu)Q,,^i,,{v) - Q,, ,,+i{v)A{u) (3.14) 

+S,,,oB{u)Qo.Av) 

Qe'Ay)C{u) - u/v C{u)Q,,.Av) = Aiu)Q,,+,,,{v) - Q,, ,,^i{v)D{u) (3.15) 

u 

-5efl-Qe'Av)C{u) 

v 

D{u)Q,,,,{v) - Q,,,e{v)D{u) = Q,,,,+i{v)C{u) - v/u B{u)Q,,+i^,{v) (3.16) 

Here matrix elements with negative indices are understood to be zero. In par- 
ticular, we have 

D{u)Q,,^M ~ Q,,^MD{u) = Q,.+i^,+i{v)A{u) - A(u)Q,,+i.,+i{v) . (3.17) 

Proof. Set T{u) = z'^'®iLon(w) • • • Lm{u) and Q{v) = z^®l7^o„(w) • • • 7^ol(w). 
Then the first four commutation relations are easily obtained by considering the 
following equality of matrix elements 

{vl, (E) v;, (E) 1, L[^{u/v)Ti3{u)Q23{v)v* ® (g) 1) = 

«, (E) v;, (g) 1, Q23{v)Ti3{u)L[2{u/v)v; (E)Ve(E)l) 

which follows from p.lOp . For the last identity p.l7p employ the equality p.l6p 
together with the relations 

C{u) ^ ip,^A{u) and B{u) ^ uA{u)ipl, (3.18) 

which follow from the definition p.7p and p.lip . ■ 

4 Noncommutative symmetric polynomials 

We now connect the definition of our infinite-dimensional vertex model in terms 
of the transfer matrix (|3.4p with the discussion of the plactic algebra in Sec- 
tion 12.21 We show that the matrix elements of Q can be written as analogues 
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of the complete symmetric functions in a noncommutative alphabet, the local 
afhne plactic algebra Pl(.4) in the representation (|2.18l) . Recall that given a set 
of commutative indeterminates x = (xi, . . . the complete symmetric func- 
tions are the coefficients in the formal power series expansion of the following 
generating function [THl Chapter I, Section 2, p21], 

n 

H{u)^r[- = y^hrixi,...,xnW . (4.1) 

1 — XjU ^ — ' 

1=1 r>0 

This definition implies the following recursive formula with respect to n, 

h^{x\ , . • . , x^i) h^i^xi , . . . , + x^^/i^—i (xi , . • . , x^) . (4-2) 

The solution is given by the following explicit expression 

hr{xi, . . . ,Xn) ^'^Xi'- ■ ■ ■ xP" , (4.3) 

p\-r 

where the sum runs over all compositions p of r > and /iq = 1. Up to a specific 
ordering we now show that the same formulae hold for a series expansion of 
(|3.4p when replacing the commutative variables (xi, . . . , a;„) with the generators 
of Pl(y^), i.e. the Q-operator is the generating function complete symmetric 
polynomials in a noncommutative alphabet. 

Proposition 4.1 Let Q(u) be the operator defined in |,S.^[ ) and denote by (f^, ip* 
and Oi — ip^ip*j^-^ the generators of the phase and local affine plactic algebra; see 
Sections \2.1\ and \2.2\ Then we have the following formal power series expansion 

Q{u) = Trz^®l7^o„(w) • • •7^ol(^i) = Y,^'hr{A), (4.4) 

where 

KiA) := ^ z'"{^:ral^al^ ■ ■ ■ a^lV^.° (4-5) 

\e\—r 

with the sum running over all compositions £ — {eo,Si, . . . ,en-i) and \e\ = 
Ei. In particular, when setting z — we obtain that Qq,o{u) — X]r>o u^hr{A'), 
where hr{A') = X]|e|=r eo=o "^i^*^? ' ' ' "^n-i^ '^^^ Complete symmetric polyno- 
mials in the finite plactic algebra PluniA') and analogous to we have the 
recursion relation 

hr{A) = hr{A') + Ziplhr-l{A)ip„ . (4.6) 

Remark 4.2 To facilitate the comparison with the commutative case, assume 
that there exists one summand in the sum |^.5[ ) for which ej vanishes. Then 
the corresponding monomial can be rewritten as (e.j —Q) 

z^«(^D^''«r«r---4"-iV^° = 
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where we have exploited that [oi, aj] = for \i — j\ modrt > 1 and a„ = z(y5„(/3*. 
In particular, if r < n then we can always find for each summand in 
some 1 < j < n such that ej — and the definition of the complete symmetric 
polynomials coincides with the one in \16[ Def 5.16], 

r<n: /,.(^) = ^ f[ af , 

where the letters are clockwise cyclically ordered. The similarity with ^.S^ is 
now apparent. The new result here, compared to \16l Cor 6.9], is the explicit 
expression for hr{A) when r > n. 

Proof. The proof is immediate from the definition of the Bohzmann weights 
and the action of the phase algebra. Namely, consider an aUowed row config- 
uration as depicted in Figure 13.21 Summing over the variables located at the 
horizontal edges e = (eq, ei, . . . , Sn-i) we obtain the matrix element 

{m'\Q{u)\m} = ^(m'|Q,„,,„(u)|m) 

where |m| = |m'| = fc > 0. If |m| 7^ |m'| the matrix element vanishes according 
to (|3.ip . Note in particular that because of the ordering of the phase algebra 
generators it follows for r > k that hr{A)Hk = {0} and, thus, the series ex- 
pansion terminates after finitely many summands on each "Hfc. The operator 
p.4p is therefore well defined as claimed earlier. The result (|4.4p with (|4.5p now 
follows from (12.181) . ■ 

Remark 4.3 As shown in '16', Prop 5.13] the transfer matrix US. 8\) of the phase 
model is the generating function for the noncommutative analogues of the ele- 
mentary symmetric polynomials, 

n O 

Tiu) = Y,u^Cr{A), eriA)^Y.I[^T (4.7) 

r—0 phr i—1 

Pi=Q,l 

where the letters are now anticlockwise cyclically ordered and en{A) = z ■ 1. 
Also in this instance the familiar recursion relation from the commutative case, 
er{xi, . . . , Xn) — Crixi, . . . , Xn-i) + XnCr-iixi, . . . , Xn-i) with generating func- 
tion E{u) — Jir=i(-'^ + uxi) = '^^^QU^Crixi, . . . ,Xn), generalises to the non- 
commutative case, 

er{A) = er{A') + ZLp^erMA')ipl . (4.8) 

This last equality is implicit in the results of ^16, Prop 5.13]. Setting z = one 
infers that 

A{u) = (1 -f Ma„_i)(l -I- uan-2) ■ ■ • (1 + uai) = ^ u''er{A!) 

r>0 



1=1 



^3 + 1 



"-0 
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m-, 



m , m 



(A) 



m, m. 



m„+l 



nij +1 



m2+l 



m, m. 



m„+l 



(B) 



Figure 4.1: The allowed row configurations in the decomposition of the product 
T{—u)Q{u)\ see the proof of Proposition |4?5] Here the double solid lines stand 
for the subspace W and the double dashed lines for the complement W. 



and the identity {4-8^ then follows from \3.18\) . 

Corollary 4.4 The elementary and complete symmetric polynomials 
the noncommutative alphabet A pairwise commute, 

[er{A), er'{A)] [hr{A), hr.{A)] [er{A) ,hr> [A)] . (4.9) 

Proof. The first equality is a result of [16, Cor 5.14]. The second equality in 
(|4.9I) is a direct consequence of Corollarv l3.2l Finally, to prove the third equality 
we employ (|3.17p to arrive at 

T{u)Q{v) - Q{v)T{u) = Qo^q{v)A{u) - A{u)Q^fl{v) = . (4.10) 

Thus, [er{A),hri{A)] = —[er{A')Thri{A')] — 0. That the last commutator in 
the finite plactic algebra vanishes is a direct consequence of p.l3p for e — e' =0. 



Proposition 4.5 (TQ-equation) Let T and Q be the transfer matrices \3. 8\) 
and {3-4% respectively. Then they satisfy the following identity 

T{-u)Q{u) - [Q{uq) + z{-urq''Q{uq-^)\^^^ (4.11) 
= l + z{-uY^u^hk{A)'Kk . 

fc>0 

where K — Ni and nk is the (orthogonal) projector onto Hk C H. 

Proof. Let L' be the operator defined in Then W = ker L'(-l) C C^<SiM 

and the complement W = (C^ (Si A4)/W are spanned by the vectors 

f vo'^Vq, m = _ 
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respectively. From ((XTU|) wc infer that Li3{~u)7l23iu)W M cWi^M. In 
fact, we have that 

a 

Li3{-u)TZ23iu)Wm 8) = (5m,0 ^ Wfe (g) Va^b (4-12) 

6=0 

and 

Li3{~u)n23{u)w,n<»Va^-u"^Wa<»V,n-l+ (4.13) 

where the omitted terms in the second equality lie in W. Thus, we may write 

T{-u)Q{u) = Tr [z-"®'"^'Lon{-u)TZo'n{u) ■ ■ ■ Loi{-u)no'i{u)] = 

Tr[z'^'®^®iLo«(-w)7eo'„(^^) • • • Lm{~u)n^,^{u)] 
w 

+ Tr[z^'«^®lio„(-^)7^o'„(w) • • • Loi{~u)non{u)], 
w 

where the indices and 0' refer to the factor and in (JD , respectively. 
The assertion now follows by observing that (|4.12p and (|4.13p imply that the 
only allowed vertex configurations in a row are the ones depicted in Figure 14.11 
The configuration labelled (A) corresponds to the trace over W and yields the 
identity in (gUI]). 

The second configuration (B) describes the trace over W and coincides with 
the action of the s[(n)-Dynkin diagram automorphism, rot : m i— (m„, mi, . . . , m„_i), 
which for z = 1 is identical with the action of hk{A)] see (|4.5p . ■ 

The following result is contained in [16, Part I, Def 5.16 and Cor 6.9] for 
r < n. Here we state an alternative proof valid for all r > 0. 

Corollary 4.6 The familiar determinant relations from the commutative case 
also hold for the noncommutative elementary and complete symmetric polyno- 
mials, 

hr{A) = dct{ei^i+j{A))i<ij<r, er{A) = det{hi^i+j{A))i<ij<r , (4.14) 
where the determinants are well defined due to J^.^p . 

Proof. Performing a series expansion in ()4.1ip with respect to the spectral 
parameter u we find for j = 1, 2, . . . , n the identities 

j 

J2i-^YeriA)h,^riA) = , (4.15) 

which constitute a system of homogeneous linear equations in a set of commuta- 
tive variables due to (|4.9p . The solution is therefore identical to the commutative 
case and is given by (14. 14^ : see |TH1 page 21, eqn (2.6')]. The second term on 
the right hand side of equation (|4.1ip yields the equality 

Y^{-lYer{A)h^+k-r{A)TTk = {-1^ zhk{A)TT k 
r=0 



17 



which is easily verified by observing that e„(y^) = zl and hr{A)TTk = for r > k 
as discussed earlier. ■ 

5 The WZNW fusion ring 

In this final section we explain how the ring of noncommutative functions gen- 
erated from the transfer matrix p.4p for the vertex model (|3.ip and the transfer 
matrix p.Sp for the phase model is related to the fusion ring of sl{n)k WZNW 
conformal field theory. First we need to introduce special elements in the ring 
of noncommutative functions. We do this in a similar manner as in [l6i Cor 6.8 
and Cor 7.2] and therefore omit the proof. 

Proposition 5.1 (Cauchy-identity) Let X be a partition and define the fol- 
lowing noncommutative analogue of Schur polynomials 

(5.1) 

In particular, we have S(^r){A) — hr{A) and S(^ir-^[A) = er{A), where (r) and 
(f) are a horizontal and vertical strip of length r. Then we have the generalised 
Cauchy identity 

sx{ui, . . . ,ui)sx{A) (5.2) 

A 

for all I > 0. Here sx{ui, . . . ,ui) is the standard, commutative Schur polyno- 
mial. 

Let us now recall the definition of the fusion ring J^fc(s[(?T.), Z). The basic 
building blocks of the WZNW conformal field theory are the primary fields 
which can be viewed as the highest weight vectors with respect to the actions 
of both, the Virasoro algebra and the affine algebra s[(?t.). Hence, as a set the 
primary fields are in one-to-one correspondence with certain elements in the 
weight lattice of s[(n) which we now describe. 

We identify the basis vectors oi'Hk in (|2.15p labeled by (the finite set 
of partitions A of maximal height n and of width Ai — k) with the integral 
dominant weights of the affine algebra s[(n) at level k G Z>o. Namely, given a 
partition A we map to the weight where the coefficients TOi(A) 

are the multiplicities of columns of height i and the uji are the fundamental sl(n) 
weights with tD„ = ujq\ for details the reader is referred to [13] and [HI Part 
I, Section 2]. By abuse of notation we shall not distinguish between partitions 
and weights. 

Given two primary fields associated with two sl(n) weights at level fc, say A 
and fi, their fusion product can be expanded again into a sum of primary fields; 
see e.g. [5]. Thus, we now consider the free abelian group J^fc(s[(n), Z) generated 
by the elements in with respect to addition and introduce for A, /t G P^ the 
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fusion product as follows 

A* A - y ^f[':^''^^, M'^^" = T . (5.3) 

The structure constants M'^^^'^ . known as fusion coefficients in the physics lit- 

A/i ' ^ 

erature, are given in terms of the Verlinde formula [21 with denoting a 
matrix element of the modular 5-matrix which is explicitly given in terms of 
the Kac- Peterson formula 14 (t = ^/—l), 

„t7rn(n— 1)/4 

Here A = A — kuja is the finite part of the afhne weight and p = X]r=i^ '^i 
Weyl vector with uji being the finite fundamental weights of s[(ri). 

Theorem 5.2 (KorfF, Stroppel [16j) Let X,ll,i> £ Pf^ and set z = 1. Then 
we have the identity 

X* fj. ~ s^{A)jl (5.5) 
and in particular the following equality holds, J\fPf^'''^ — (^v , s -^{A) fi) . 

Remark 5.3 Setting alternatively z = we specialise to the ring of noncommu- 
tative Schur polynomials s\(A') in the local finite plactic algebra [7^1. According 
to 116, Lemma 6.3 and Theorem 6.20] one then obtains the following quotient of 
the cohomology ring of the Grassmannian Grfc.„+fc_i, H*(Grk.n+k-i)/(^ri+fe) == 
Z[ei, . . . , efc]/(/i„, . . . , hn+k) , whose structure constants are the intersection num- 
bers c^^ of three hyperplanes with Hi = Vi and coincide with the celebrated 
Littlewood- Richardson coefficients ^9.4, Exercise 21 (a)]. 

Proof. The proof of this result can be found in detail in [16, Part I, Section 6] 
and relies on the explicit construction of an eigenbasis for the transfer matrix 
(13.81) of the phase model (i.e. the generating function of the noncommutative 
elementary symmetric polynomials (jUT])) via the quantum inverse scattering 
method or algebraic Bethe Ansatz; see e.g. [4]. Because of the relations (I4.14p 
and (|5.ip this eigenbasis, called Bethe vectors, forms also an eigenbasis of the 
other noncommutative symmetric polynomials and in particular of the transfer 
matrix (13.41). One then verifies that the transformation matrix from the standard 



basis labeled by A € to the Bethe vectors is given by the modular S-matrix 
(15.41). From this result one derives the Verlinde formula (15.31) for the matrix 



elements of the noncommutative Schur polynomial and, thus, the identity (|5.5p 
follows. ■ 

We conclude by stating two corollaries which are now obvious consequences 
of the last Theorem. We therefore omit their proofs. The first one uses the 
recursion formula (j4.6l) for noncommutative complete symmetric polynomials to 
relate fusion coefficients at different level k; this is in analogy with the recursion 
relation in fTH Cor 7.41. 
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m,(v) 



Figure 5.1: Graphical depiction of the {n — l)xn lattice with periodic boundary 
conditions in the horizontal direction and fixed boundary conditions fl,0 & 
on the outer vertical edges. The spectral parameter varies from row to row. 
The corresponding partition function obtained by summing over the Boltzmann 
weights p.ip at each vertex yields (|5.7p . 



Corollary 5.4 (Recursion relation) For fixed level k e Z>o let A = (r) he a 

horizontal strip of length r < k and set Xr = {k, k — r, . . . , k — r) G . Then 
we have the following recursion relation for fusion coefficients, 

^^^1^ = 0^^ +A/-('=-i).'^i'>, (5.6) 

where c^^ = c'^^^ is the Littlewood- Richardson coefficient. 

Note that while this relation only involves horizontal strips the latter allow 
one to compute all fusion coefficients via (|5.ip and (|5.5p . 

The second consequence of the above Theorem and the identity (|5.2p is the 
interpretation of the partition function of the vertex model 

Corollary 5.5 (Generating function for fusion coefficients) Given jl,i> G 
consider the vertex model k3.1\] on an (n — 1) x n lattice with periodic bound- 
ary conditions in the horizontal direction and fix the boundary conditions in the 
vertical directions by fi and v; see Figure \57l\ Assign to each row the spectral 
parameter Ui, then the corresponding partition function (i.e. the weighted sum 
over all allowed vertex configurations) has the expansion 

Z^{ui,...,Un-i) = {m{i>)\Q{ui) ■ ■ ■Q{un-i)\m{jj,)) 

= 5] A/-|J^'%a(wi,...,u„_i), (5.7) 
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where X is the partition obtained from A by deleting all columns of height n. 
Therefore we might interpret Z as generating function for the fusion coefficients. 
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Appendix 



A Derivation of the vertex model from Uq5i{2) 

In this appendix we describe how the matrices p.3p and p. 51) are obtained as 
a special limit from the J7gS[(2)-intertwiner R{u,v\ n.v) : M^(m) (g) M^{v) — )■ 
M^{u) (E) M^{v) satisfying the relation 

RA{X) = A°P{X)R, X £ UgSl{2) , (A.l) 

where A°p is the coproduct (12.31) with the order of the factors interchanged. 
Given that the coproducts A and A°p are algebra homomorphisms it is suffi- 
cient to solve the intertwining relation for X = Ei, Fi, Kf^ . These identities 
provide us with a set of equations for the matrix elements of i? = R{u, w; /i, v) 
which enable us to compute them recursively. For convenience we make the pa- 
rameter transformations /i — >■ q/s and v — > s^^. Setting as before R{va fX" Vb) = 
X^c d>o d '^c €5 Vd one obtains for X = Kf-^ the constraint 

Rl'^^ = unless a + b = c + d, (A.2) 
and for X = Eo,Fi the recursion relations 



^c.d — .. 9„9r„4-M-n ' y-'^-^l 



where matrix elements with negative indices are understood to be zero. Note 
that as long as u, pi^v are generic these homogeneous relations determine R up 
to a scalar factor. We choose the convention i?Q'Q = 1, then the above relations 
allow us to successively compute all other matrix elements. It follows from the 
general axioms of a quasi-triangular Hopf algebra (see e.g. [H Section 4.2, Prop 
4.2.7]) that the result yields a solution to the Yang-Baxter equation. 

Since -Rq q = 1 and all the coefficients in the recursion relations are regular 

at q = we can conclude that R't'^, E A. Let J C A be the ideal generated by q 
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and denote by i?"'^ the image of under the isomorphism A/J C then 

^c-M + ^^c,o<li , (A.6) 

Note that these relations are now independent of the parameter v £ C The 
solution to these equations can be explicitly written down, the non-vanishing 
matrix elements are 

7?°t^ = .^-, = (A.7) 

K-e,a+e ^ u'" s^+^l - s^) for a > 0, < £ < & . (A.8) 

To simplify the result further we now take the limit 7?-"'^(u) — limg^o ^ '^Rc'd 
and obtain (|3.ip . 

The derivation of the operator (I3.5P follows along similar lines. The UqSl(2)- 
intertwiner must satisfy the following identity in End[M^(u) (g) M^(u) (E) -M^(l)], 

Ri2{u/v; ^, ^)Ri3{u; fi, iy)R23iv; i^) = ^23(w; v)Ri'i{u\ ^, v)Ri2{u/v\ ^, /i) . 

Once more, the Yang-Baxter equation is a direct consequence of one of the 
axioms of a quasi-triangular Hopf algebra such as UqS\{2). Notice the different 
dependence on the parameters and v in the equation. Similar as before we 
can consider the value R of the matrix elements Rl^'^{us / v; q / s , q / s) a.t q = 

and then take the limit S{u)'^''^ := lims_).o s'^~''-R°'^ to find the operator (|3.5p . 

It turns out that also the phase model is obtained from the J7gS[(2)-intertwiner 
for M^{u) ® M^(v) in the crystal limit, albeit choosing a different specialisation 
for fi. Namely, set ^ = q^ then the crystal hmit of (1 ® q^)R{—uq;q'^,i') is 
the operator (|3.7p over C(m)^ (E M C M^^q-i{u) ® M, where we identify the 
two-dimensional subspace in M^^q2{u) spanned by {vq^Vi} with C(m)^. This 
reduction to a subspace is justified by observing that for /i = 5^ it can be 
mapped onto the fundamental evaluation module of Uq5\{2)\ see Remark 12.21 

Finally, also the operator L' is another special crystal limit of the Uq5i{2)- 
intertwiner determined by (jA.2[) and the recursion relations (IA.3P and (jA.4[) . We 
summarise the various relations in the following table (as before we set s — > 
after taking the crystal limit): 



[/qS[(2)-intertwiner 


crystal limit 


M 


V 


{I® s-^"')R{us) 


n{u) 


q/s 


arbitrary 


{s'^ ®l)R{us){l®s^'^) 


S{u) 


q/s 


qjs 


(l(E}q'^)R{-uq) 


Liu) 


■2 
q- 


arbitrary 


il(E)q''')R{-uq/s){s''' (g) 1) 


L'iu) 




qjs 



5a, 6+1 
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